A large-scale full-configuration-interaction calculation based on Dirac-Coulomb-Breit (DCB) Hamiltonian is performed for the 2 1 S0 and 2 3 S1 states of helium. The operators of the normal and specific mass shifts are directly included in the DCB framework to take the finite nuclear mass correction into account. Accurate energies and matrix elements involved n (the main quantum number) up to 13 are tabled. Specially, the accuracy of energies and matrix elements can be remained even for the Rydberg states from one diagonalization of Hamiltonian. The dynamic dipole polarizabilities are calculated by using the sum rule of intermediate states. And a series of magic wavelengths around 320 nm for the 2 3 S1 → 2 1 S0 transition of helium are identified with 5-7 significant digits. The high-order ac Stark shift determined by the dynamic hyperpolarizabilities at the magic wavelengths are also evaluated. Since the most promising magic wavelength for application in experiment is at 319.8 nm, the high-accuracy magic wavelengths of 319.816 07(9) nm and 319.831 31(9) nm for 2 3 S1(MJ = ±1) → 2 1 S0 transition of 4 He and 3 He, respectively, are reported in present work, which provides theoretical support for experimental designing an optical dipole trap to precisely determine the nuclear charge radius of helium.
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The long-term outstanding proton radius puzzle causes great interest in recent years [1] [2] [3] . So far there has not been a satisfying explanation for the discrepancy of 5.6σ in the proton size derived from muonic hydrogen Lamb shift measurements [1, 2] and the accepted CO-DATA value [3] . Research in this field has expanded to measurements of the 2S-4P transition energy in hydrogen [4] , transition energies between circular Rydberg states in heavy-H-like ions [5] , and the 1S-2S transition energy in muonic helium ions [6] . In order to help solve the proton size puzzle, the measurement of high-precision spectroscopy in helium isotopes has become an additional contribution to this field [7] [8] [9] [10] [11] [12] . However, the nuclear charge radius difference determined from the 2 3 S → 2 1 S and 2 3 S → 2 3 P transitions of helium disagrees by 4σ [7] [8] [9] [10] [11] [12] . Even combined with the recent theoretical investigations [13] [14] [15] , where the higher-order recoil corrections are taken into account, the 4σ discrepancy does still exist and remains unexplained by any missed corrections in existing theoretical predictions. So this discrepancy calls for the verification of the experimental transition frequencies by independent measurements.
For the 2 3 S → 2 3 P transition frequency of helium, recently, the frequency measurement of 4 He is achieved to 5.1 × 10 −12 [16] , which is more accurate than the early result of Refs. [11, 12, 17] . But it's interesting that when the 2 3 S → 2 3 P transition frequency of 4 He of Ref. [12] is replaced with the latest value of Ref. [16] , the resulting nuclear charge radii difference agrees well with the value derived from the 2 3 S → 2 1 S transition [7] but differs with the value from 2 3 S → 2 3 P transition [9] . This deviation indicates the need for further independent measurements of He isotope shifts. For the 2 3 S → 2 1 S transition frequency of 4 He, the measurement accuracy is 9.4 × 10 −12 [7] , which is less accurate than the frequency measurement of 2 3 S → 2 3 P transition [16] . One of the main systematic uncertainty of Ref. [7] comes from ac Stark shift. Implementation of a magic wavelength trap can solve this problem in many high-precision measurement [18, 19] . Recently, Notermans et. al. obtain the magic wavelengths of He(2 3 S → 2 1 S) with use of available energies and Einstein A coefficients [20] . The accuracy of their values are limited by extrapolated contributions from continuums. Since the dynamic dipole polarizability at the 319.8 nm magic wavelength is large enough to provide sufficient trap depth at reasonable laser powers while the scattering lifetime is accepted, the 319.8 nm magic wavelength is proposed to design a optical dipole trap (ODT) to eliminate the ac Stark shift [20] . In order to determine the nuclear charge radius difference with a precision comparable to the muonic helium ion, Vassen et. al aim to measure the 2 3 S → 2 1 S transition with sub-kHz precision. At this level of precision, the ab-initio calculation for the accurate magic wavelengths of helium isotopes are requisite.
In this paper, we add the mass shift operators directly into the Dirac-Coulomb-Breit (DCB) Hamiltonian to improve the previous relativistic configuration interaction (RCI) method [21] . Then we perform a largerscale full-configuration-interaction calculation of the dynamic dipole polarizabilities for the 2 3 S and 2 1 S states of 4 He and 3 He. A series of magic wavelengths for the 2 3 S 1 → 2 1 S 0 transition are accurately identified according to the dynamic polarizabilities. In order to do a cross test of the magic wavelengths, we also carry out a nonrelativistic calculations of dynamic polarizabilities and hyperpolarizabilities of helium by using the newly developed Hylleraas-B-spline method [22] . Our results of all the magic wavelengths from two different theoretical methods are in good agreement. Specially, we report our recommended magic wavelengths of 319.816 07(9) nm and 319.831 31(9) nm for the 2 3 S 1 (M J = ±1) → 2 1 S 0 transition of 4 He and 3 He, respectively, which provides a theoretical guidance to design ODT for developments of high-precision spectroscopy measurements in helium.
The DCB Hamiltonian with mass shift (MS) operator included for the two-electron atomic system is written as
where c = 137.035999074 is the speed of light [23] , Z is the nuclear charge, β is the 4 × 4 Dirac matrix, m e = 1 is the electron mass, α i and p i are respectively the Dirac matrix and the momentum operator for the i-th electron, r 12 is the unit vector of the electron-electron distance r 12 , and the MS operator H MS includes the leading term of normal and special mass shift (NMS, SMS) operators,
with m 0 being the nuclear mass. For 4 He, m 0 = 7294.2995361 m e , and for 3 He, m 0 = 5495.8852754 m e [23] . The wave function ψ ij (JM J ) of helium for a state with angular momentum (J, M J ) is expanded as a linear combination of the configurationstate wave functions φ ij (JM J ), which are constructed by the single-electron wave functions. Using the Notre Dame basis sets [24, 25] of N number of B-spline functions, the single-electron wave functions are obtained by solving the single-electron Dirac equation.
The non-relativistic Hamiltonian of two-electron atomic system with the infinite nuclear mass is solved with the use of Hylleraas-B-spline basis set [22] 
where L and M L are the total orbital quantum number and the magnetic component, respectively, Y LML ℓ1ℓ2 (r 1 ,r 2 ) is the coupled spherical harmornic function, and c = 0 , 1.
The dynamic dipole polarizability of the magnetic sublevel |N g J g M Jg under linear polarized light with laser frequency ω is
where α S 1 (ω) and α T 1 (ω) are the scalar and tensor dipole polarizabilities, respectively, which can be expressed as the summation over all intermediate states,
with f (1) gn is the dipole oscillator strength,
where △E gn = E n − E g is transition energy between the initial state |N g J g and the intermediate state |N n J n , and T 1 is the dipole transition operator. The nonrelativistic polarizabilities are obtained by replacing J number with L number in Eqs. (4)- (7).
The nonrelativistic dynamic hyperpolarizability for S state is The accurate calculations of the dynamic hyperpolarizabilities is very difficult, since the formula involves three summations over different intermediated states, which cannot be properly evaluated by summing over low-lying contributions.
The magic wavelengths of the 2 3 S → 2 1 S transition are determined from the calculations of the dynamic dipole polarizabilities of the 2 1 S 0 and 2 3 S 1 states to find their crossing points. The accuracy of magic wavelengths depends on accurate energies and wavefunctions of initial and intermediate states. The high-precision B-spline RCI method was very successful in accurate calculation of atomic polarizabilities for the 2 3 S 1 state of helium [21] . However, for the 2 1 S 0 state, it's clearly seen from Figs. 1-3, the magic wavelengths in the range of 300 nm to 400 nm involve a series of 2 1 S 0 → n 1 P 1 (n ≤ 13) resonance transitions. Especially for the magic wavelengths around 320 nm that we are interested in the present work, they are located at the edge of the 2 1 S 0 → 10 accurate determination of these magic wavelengths near these resonance frequencies requires construction of sufficient configurations in a sufficient box size to make sure that all the transition energies from the 2 1 S 0 state transit to the n 1 P 1 intermediate states, especially to the 10 1 P 1 , 11
1 P 1 , and 12 1 P 1 Rydberg states, are accurate. This is a biggest challenge for our RCI calculation. In order to get accurate energy for the 2 1 S 0 state, we chose the box size R = 200 a.u. and increase the partial wave l max to 20, then we can get the final convergent energy of −2.145 786 084 a.u. for the 2 1 S 0 state. Our result has six same digits with the best value of −2.145 787 13 a.u., which is derived by adding the finite nuclear mass, relativistic, and anomalous magnetic moment corrections on the non-relativistic Hylleraas energy [26] . In order to get accurate energies for the intermediate 10 1 P 1 , 11 1 P 1 , and 12
1 P 1 states, we adjust the box size R = 600 a.u. to make sure the energies of the n 1 P 1 (n = 10−13) Rydberg states are negative in the present calculation. Then we fix the box size R=600 a.u. and increase the partial wave l max to 7 to test the convergence of magic wavelengths. In this work, the maximal number of configurations is nearly 90000, the time consuming and large memory occupy for calculating the electron-electron Coulomb and Breit interaction integrals are the biggest problems. We improve and optimize the previous RCI program by using OpenMP parallel and block calculations to overcome the resulting problems, which significantly expands the applicability of the previous RCI method. Extensive tests of the numerical stability for the energies, matrix elements, dipole polarizabilities, and magic wavelengths of helium are carried out. (2) gies [26] . Table II gives a comparison of the reduced matrix elements for the dipole allowed 2 1 S 0 → n 1 P 1 (n ≤ 13) transitions. The Hylleraas values are derived by using available oscillator strengths and the transition energies of Ref. [27] , which includes the finite nuclear mass and the leading-order of relativistic corrections. It shows that our matrix elements have at least four significant digits. Compared with the converted values from the work of Drake and Morton [27] , present RCI results have four same digits for the 2 1 S 0 → n 1 P 1 (n ≥ 5) transitions. Other energies and reduced matrix elements (n ≤ 13) for 4 He and 3 He are presented in Supplemental Material. Since the 319.8 nm magic wavelength was proposed to trap helium for high-precision measurement. Table III lists a convergent test for the 319.8 nm magic wavelength of the 2 3 S 1 (M J = ±1) → 2 1 S 0 transition of helium isotopes as the number of B-splines increased, and the corresponding dynamic polarizabilities at the magic wavelengths are also listed. As N increased to 60, the magic wavelengths converge to the seventh significant digit, and the corresponding dynamic dipole polarizabilities converge to the fifth significant digit. The extrapolated val-ues of the magic wavelength are 319.816 07(2) nm and 319.831 31(2) nm for 4 He and 3 He, respectively. They are more accurate than the semi-empirical results of 319.815 nm and 319.830 nm [20] . Since the maximal difference of the matrix elements between ours and Drake's in Table II is about 0.022%, we indicate a 0.05% difference for all the reduced matrix elements of 2 3 S 1 → n 1,3 P J transitions for conversation. We found this way produces 0.05 picometer (pm) difference on the extrapolated values of Table III . In order to estimate the correction from the incomplete configuration space, we double the uncertainties of the extrapolated values and take the 0.05 pm as another parts of the uncertainties. Then we can give the recommended values of the magic wavelength of 319.816 07 (9) Except the important application of 319.816 nm magic wavelength of 4 He, both of the magic wavelengths 321.411 nm and 323.589 nm can also be used to design experiments once high-power laser can be realized. Table IV gives a breakdown of the various contributions from different intermediate states to the dynamic dipole polarizability of the 2 1 S 0 and 2 3 S 1 (M J = ±1) states of 4 He at the magic wavelengths 319.816 nm, 321.411 nm and 323.589 nm. The contributions from the first 13 n 1 P 1 states are separately listed for the 2 1 S 0 state. The dominant contribution at the three magic wavelengths
resonance transitions, respectively. The contributions from n 1 P 1 (n ≤ 11) states at the 319.816 nm magic wavelength are negative, which result in cancellations in the oscillator strength sum. For the 2 3 S 1 (M J = ±1) state, the dominate contributions to the polarizabilities at the three magic wavelengths are from the 2 3 S 1 → 4 3 P 1 and 2 3 S 1 → 4 3 P 2 transitions. Table V summarizes the first nine magic wavelengths in the range of 318 -413 nm from the calculations of both Hyllerass-B-splines and RCI methods. All the magic wavelengths are extrapolated directly from their convergence test. All the values from two different theoretical methods are consistent. The relativistic and finite nuclear mass corrections on all the magic wavelengths are less than 62.3 pm. For the RCI calculation, the difference of all the magic wavelengths between 4 He and 3 He are less than 16.5 pm.
For the dynamic hyperpolarizabilities, using the Hyllerass-B-splines method, we get the values of −1.0 × 10 10 a.u. and −3.3 × 10 9 a.u. at the 319.8 nm magic wavelengths for the 2 1 S and 2 3 S states of ∞ He, respectively. The difference of the dynamic hyperpolarizabilities at this magic wavelength for the 2 3 S → 2 1 S transition is ∆γ 0 (ω) = 6.7 × 10 9 a.u. If the power of the incident trapping laser beam is P = 0.2 W with beam waist w 0 = 85 µm, then we can get the electric field intensity F 4 ≈ 6.3 × 10 −28 a.u. Accordingly, the higher-order ac Stark shift is evaluated as a.u.≈ 1.2 mHz, it is smaller by six orders of magnitude than the 1.8 kHz uncertainty of the absolute frequency for the 2 3 S 1 → 2 1 S 0 transition of 4 He [7] , which indicates the high-order ac Stark shift can be neglected for the precision spectroscopy measurement of the 2 3 S 1 → 2 1 S 0 transition of helium by implementation of a magic wavelength trap.
In summary, the improved RCI method enables us to calculate the dynamic dipole polarizabilities in wide range of laser frequency for both 2 3 S 1 and 2 1 S 0 states of helium. A series of magic wavelengths for 2 3 S 1 → 2 1 S 0 forbidden transition of 4 He and 3 He are accurately determined. The non-relativistic calculations of magic wavelength for ∞ He are also carried out by using the Hylleraas-B-spline method. The high-order ac Stark shift related with the dynamic hyperpolarizabilities are estimated. All the magic wavelengths from two different theoretical methods are consistent. Present work provides solid theoretical supports for experimental design of a magic wavelength trap to eliminate the ac Stark shift for the precision spectroscopy of the 2 3 S 1 → 2 1 S 0 transition of helium. 
